Groups acting by uwgujaﬁlsn

Recall et QJWPG acts on  itself kv\d gw&ujah'dh o3 follows:
3= g Vet

This  gatisfies e axioms fov a group action:

Jea = Jal™ < O, ond
(gh) e = (gh) = (gu)™ « ghak’'y™ - 3'@"‘").

:_D_E'f-' GL-Q/V\M;{-J &)L,&'G ave fﬂghf‘d"( I'F '33 S~£- L?’:JA'J-:
i.e. if ‘l‘ij ove v e seme ovbit wamder huw (mnau:)ol‘hlﬂf\

achiom. The ovbits in Twis wse  are called Twe  owmjuaacy Clogses
o <

A G

_52(__: \f e YCG\\)'\'\MM o i 'hm,av,\n elarvvent in its omau\jucb
cleess. I ¢ E(&\,‘hn.w\ urve s wona 3 ot 3@5" *a, 0 TWive ove

ot leogt fwo el 2 ity wn jucacy olagg.

Note: £ G is nontrivial, Twe achpn ot conjugation Camt b

—

Tramsiive, Since M Omﬂd'Ltjauj Clasg o s all/uafjg d%+ {/'—.Z)

Recall that if G acts on A, et aeh | we mowed That T numbe
oA elts in ity ovhit will be e,qua(f to lG‘G&\)u.h& indax ol

its stabilize in G.



When C,\ acts on t+seld bxj w\n(jujah's\/\’ ond lquﬂ’
Go=L3¢G] 3hg-bd = Cal

That s,

P—H’-f: The nhumber ot Cov\d'ltﬂja‘l‘ﬁs A o elumant se(,.

% l G’.CG(S>

We know ™mat Twe ovbits of an  achion Pq.ﬁHHLﬂA Tha
Set le((ms acked on, so in pavticular, i+ we add
Up e U oA <lemants in all tww ovhbits, we g,d—

fue Hllowfv\\wji

Th: (‘Tbu. Cless eﬁ&qh’m) Let G e o fuite §roup, ol
gis 92, ey g representatives ok twe distinet umd'uga.uj clagses
hot covtained in Twe nter o G T

[G|= {2(@’ +§ \G:CG(JL')I

H: Each orhit in Mg cemter heay e)cac-élg one  elaemant. |
e duer  ovbitc are \<,J___) k‘, el 35 a Ve‘pm.g,un'[-a‘h'l/( fomm

Ki, T lkc|=[G’C¢\(jﬂl_

Sine tue  0vhits pa v tition G, WVVIW\;'y\J up v Cavdinalitie,
jives wy e dagived zqu_z.ﬁtm. d

Q: ln D?l ™ML center i {l) YL}-



T cenbalizer ok u)‘\'\'l'm'ws ('f>, so i+t hag ovdur 24,

V.
s, G Ca(| € T2 Bt srs- v w it condagacy
(/l.&-55 < EP‘)PS}'

CG<5)= élJS)rﬁSV"E , So ‘G‘5Ca,($))=2) ond kSl’_(=skz

so ity comy. class i QS,sr‘E.

Note fuat Mo o vewmaining elts  ave comjugates P (sr)vssv3

9D ESVJ 3"3} % T"‘-& —?fvual C«.W\d'ujacb ¢|ess.

Note That all of P yummands in twe class \jnmp divide
tHu  ovder of- fue quoup. s helps us dessify  some friike

Svoups.

Theovem: (£ p % primae ovnd C\ i a 3"’“? o b ovdo~ PO(J

o 21, Thn G hes  hontvivial  condter.

P Lt J1o -0 qe ke rerresemtativec fovn T wonjugacy
ceagses not tomtained in The center (it twre are “"”ZD

Thaw v el 3¢

its w"‘d“j“fj tlass has af least 2 elenants |
So L < IGCG<1L)1 ) onnd Lasmmg;zis Thm Sy Pt T ind.x

)

must divida PD(- —D’WS) for  eael 9¢, P/lc"‘ca(-ﬁi)l.



Twe clogs equatin  says Tt
o% - l?(c,)] +§lc "Ca.(jiﬂ
T
Aivigi ble by p

s pll?‘cj))J w 2(G) is nhot Hivial T

Covs 16 [Gl=p" fr some priwe P Tan G 15 abeliom,  omd
G is welie o ngzrxzp.

Pt (7)) = p o p by ™e  above. Thug \C’/?(;,)\:IWP, Wt

CLJO(I'(,. Fﬂmhs) ,9-3 a HW problem, G 15 abelion.

The opbvivial elevments of G hae ovdevs p oov PL £ G
has oy elenunt ot ovdu P e G i eyclic. Thus, cggume

all nowtrivial dermants  have ovda p-

Lt x6G st ael. T l7lip, wwe com find 4o G-<$r2

T O yd> 52,22, Debin T OO =G by
<’x°*)5'°_) — x%yb I+ s straight v ward fo check tuis

is o hovmemorphion.

| £ (_'w“JlJ"’)eLu,.Lf’J T, w“gl’=(=> 'x°‘—_3”"e<'x>n<n3>, But
<xD f\<t3>f<_<'7<7j s T ol divides |, o a=hb:=D,



Thus, kol = | 5o 9 is injective.  Both gougs have Twe sumre

ov—oQ.Lw/ so It Mmust clso he o bfd'ec;hlsv\ and Thus eon

I%W\nov—}o\nfm. 3



